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(i) Heat equation: (Parabolic equation)
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(ii) Laplace equation: (Elliptic equation)
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(iii) Wave equation: (Hyperbolic equation)
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We have,

Aty + Bugy + Cuyy + Duy + Euy + Fu=G

is general equation of second order linear P.D.E and it will be
(i) Parabolic if B> —4AC =0
(ii) Hyperbolic if B> —4AC > 0
(iii) Elliptic if B?> —4AC < 0.

Consider second order linear partial differential equation

Aty + Bugy + Cuyy + Du, + Eu, + Fu = G. (1)

Let £ and n are two different variable or varient(dependent variable) i.e £ = £(z,y) &

n(z,y).
We transform (z,y) to ({,n) ie. (z,y)+— (&), provided Jacobian of (£,7) # 0
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i.e., J must be invertible so that we may also go back from (&, n) plane to (z,y) plane.
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Solution of 1% order linear homogeneous equations in R?:

Consider a simple homogeneous equation with constant coefficients

au, +bu, =0 & (a,b).Du=0. (1)

The linear equation says that the directional derivative of u in the direction of V' = (a,b)
is zero. This means that the function u(z,y) remains constant on lines in the direction

of (a,b).

The equations of such lines are

(x — 20,y — ¥o)-(b,a) =
br —ay — bxg +ayy =
or {bx —ay = c|c € R}

and are called characteristic lines for (1). If we think of a line as a function of z, then
dy b
— = - 0).
5= (a#0)

Now if u does not change along those lines, then

U(l’,y) ’bxfayzc = f(C)
= u(z,y) = f(br —ay)



If one wants a more precise description of f then some conditions must be specified.
Now let us consider n— dimensional transport equation with constant coefficient

u+b.Du=0 in R" x (0,00) (1)

where b is a fixed vector in R™, b = (by,bs,...,b,), and u : R" x [0,00) — R is the
unknown, u = u(x,t).

Here x = (x1,29,....7,) € R™ denotes a typical point in space and t > 0 denotes a
typical time. We write Du = Dyu = (Uy,, Ugy, ..., Uz, ) for the gradient of u with respect
to the spatial variable x.

The partial differential equation (1) asserts that a particular directional derivatives of u
vanishes. We use this fact by fixing any point (x,t) € R™ x [0, 00) and defining

2(s) =u(z+ sb,t+s) (s €R)

We then calculate

d
d_z = Du(z + sb,t + s).b+ u(xr + sb,t +s) = 0.

s
The second equality holds because of (1) holds. Thus z(s) is a constant function of s
and consequently for each point (z,t), u is constant on the line through (z,¢) with the
direction (b,1) € R™*!. Hence if we know the value of u at any point on each such line,
we know the value every where in R™ x [0, 00).

Initial Value Problem: To be precise, let us con-
sider the following initial value problem

u+b.Du = 0 in R" x (0,00) (2)
u = g on R"x{t=0}.

|
|
Here b € R™ and ¢ : R" — R are known, and the problem / \.; .
is to compute u. Given (z,t) as above, the line through
(x,t) with direction (b, 1) is represented parametrically by
(x+ sb,t+s) (s € R). This lines hits the plane I' = R™ x
{t =0} when s+t =0, i.e. s = —t, at the point (z—1tb,0).
Since u is constant on the line and u(z — bt,0) = g(x —tb),
we deduce

u(z,t) = g(x —th) (x € R" t>0). (3)

So if (2) has a sufficient regular solution w, it must certainly be given by (3). And con-
versely, it is easy to check directly that if ¢ € C!, then u defined by (3) is indeed a
solution of (2)

Remark: If gisnot C, then there is obviously no C! solution of (2). But even in this
case formula (3) certainly provides a stronger and in fact the only reasonable candidate
for the solution. We may thus informly declare that u(x,t) = g(x — tb), (x € R™",t > 0)



to be a weak solution of (2), even should g not be C*.

Nonhomogeneous Problem:
Let us now look at the associated nonhomogeneous problem

u+b.Du = f inR"™x (0,00)

u = g onR"x{t=0} (4)
As before fix (x,t) € R"! and inspired by the calculation above. Set
z(s) = wu(x+sbt+s) for s € R. Then
Z(s) = Du(x+sbt+s)b+u(z+sbt+s)=f(x+sbt+s)
Consequently

u(z,t) —glx —tb) = wu(x,t) —u(z,0)
= 2(0) — z(—1)
= Z(s)ds

—t

0
= / f(x+ sb,t + s)ds
—t

_ /t Fl@+ (s — )b, s)ds
0
and so
u(z,t) = gz —th) + /Otf(x + (s —t)b,s)ds, (xe€R",t>0), (5)
solves the initial value problem (4).

Surface and Volume of a Hyper-Sphere:
Let |A| # 0 and consider the multiple integral

1 —/ / / —(AAD) (10 ...,

If we put y = Az, then x = A~'y, and so

I = / e_<AI’A‘”>dV(1’)=/ e~ W | det (gx) [dV (y)
_ / 9| det(AY)|dysdys...dyn
= ety [ / / Dy dy,.dy,
_ ]det ’/ yldyl/ y?dyQ.../_:eyidyn




But as

oo o o0 1 1
J = / e tdt = 2/ e tdt = / e 51 ds =T (§> — T
—00 0 0

it follows that
I T2 _ T2
|det(A)]  [A(A)Aa(A).. An(A)]
Corollary 1: Let B be a positive definite matrix. Then

|3
0|3

™

" |det(B)[3

™

67<Ba:,x) ) =
/" W [A1(B)A2(B).. An(B))

Proof: Let A= +/B. Then (Bz,z) = (Az, Az) and \;(A) = \/\(B) for i = 1(1)n.
i.e B must be positive definite as (Bz,z) = (A%z,z) = (Az, Az).

Corollary 2: Let A,(p) denotes the surface area of the n-dimensional sphere S, (p)
of radius p. Then

[SIES

n
2m2 n—1

An(p) = Sy P
I'(3)
Proof: Taking B = I, the identity matrix

T2 = / e" @2y = / /
n 0o Ja
J

e_<m””>dAn(7’)dr
n(r)
/ e r" YA, (1)dr
An(1)

N3

Thus A, (1) = &

{zy- Since A,(p) = p" "1 An(1). So

Ik

NIE

27
An(p) = @P !
2

Remark: Note that Ay(r) = 27r, the circumference of a circle of radius r, Az(r) =
3
% = 47r?, the area of the surface of sphere of radius 7, which are the familiar formu-
2
lae. Note that A;(r) = 2, the number of the end point of the line segment [—r, 7].

Corollary3: The volume V,(p) of the n— dimensional hypersphere of radius p is given

by



Proof:
p P oy
Valp) = An(r)dr:/ — "y
0 o 1'(3)
213 pt ™= ™
I'(3)n  30(3)
Remark: V;(r) = 2=

NG

F Va(r) = 02

r = 2r, the volume of 1— sphere of radius r i.e. the length of the
interval {z : |z| <7 =r? =qr?

, area inside a circle of radius r, and

3 3
m2 T2 4
V- — 3: 3:_ 37
3(7) F(%)—i—lr %%ﬁr or

3
the familiar formula for the volume of a sphere of radius r.

Laplace equation:

In two dimension

0?u N Pu 0
ox2  oy?
In n-dimensional space
82u+82u+2u+ +82u_0
6x12 8x22 81’32 81‘”2
or Au = (1)
Here, unknown u:U — R, u = u(x) where U C R" is given open set and Poisson’s
equation is —Au = f (2)

Physical interpretation:

the net flux through 0V is zero.

Laplace equation comes up in a wide variety of physical
context. u denotes the density of some quantity (e.g. a chemical concentration) in
equilibrium. Then V' is any smooth subregion within U, U be any open set in R™ then

FovdS =0,
)%
theorem

Here F' denoting the flux density and v the unit outward normal field. By Gauss Green

/ div?dx =
1%

ov

div? =0.

In many physical situations it is found that ? is proportional to gradient of u (i.e.
Du) but points in opposite direction(since the flow is from region of higher to lower
concentration). Thus

since V' is arbitrary and so

?.VdS =0



F — —aDu (a>0) (4)
div(Du) = D (Du) = Au=0 [ Laplace equation].

Chemical concentration
If u denotes temperature

electrostatic potential

Fick’s law of diffusion
equation (4) is Fourier law of heat conduction

Ohm’s law of electrical conduction

Fundamental solution:

(a) Derivation of fundamental solution:
Since Laplace equation is invariant under rotation. Let x = (x, 29, x3,...,2,) € R® U C
R". Now for Au=0 (1)

= Z Uy, = 0
i=1

— =
— Ox;

We have to find radial solution. Here

ro= |x|:\/x%—|—z§+x§+...+x%
2 2, .2 2 2
ro = rt+ry+r3+... +x,.

Let us therefore attempt to find a solution u of Laplace equation in U C R™ having the
form u(x) = v(r)

where r = \xy:\/x%+x§+x§+... + 22
= e
= 0 (2)
s = o) (%)
nes = (i) = o (1))
- 2w Z vk ()




Now,

E Uz,

n r
A _ " T / A o
U (r) 2+’U(’I“)T v(r)r3
-1
0 = "(r) n v'(r)
r
—1
or V' (r) + =/ (1) = 0
r
" _ 1 1 _
If, v £ 0 (logv'y = = = -2—= "1
r r
Integrating, we get
logv = (1—mn)logr+loga
! 1-n a
Vo= re= o
Again integrating, we get
blogr +C (n=2)
u(r) =
ﬁ + C (n Z 3),
where b and C are constant.
Definition: The function
“llogldl  (n=2)
oy =9
n(n—2)a(n) |z|(n—2) (TZ = 3)’

defined for x € R™ x # 0, is the fundamental solution of Laplace’s equation Au = 0

where «(n) is the volume of unit sphere in n- dimensional space.

Poisson’s Equation :

We know that the function x — ¢(x) is harmonic for x # 0. Now if we shift the origin
to a new point y i.e © — ¢(x — y) then this is also harmonic function of x for x # y.

Let us take f : R — R and note that the mapping © — ¢(z — y)f(y) (z # y) is
harmonic, where y € R™ and thus so is the sum of finitely many such expression built for

different points of y.
This reasoning might suggest that the convolution

u(z) = . oz —y) f(y)dy
—5 Jrolog(lz =y fy)dy  (n=2)
n(n—;)a(n) fRn ‘x_{ﬁlz—m dy (Tl > 3),



will solve Laplace’s equation Au = 0. However, this is wrong. We cannot just compute

Au= [ Dy —y)f(y)dy = 0.

Rn

Indeed, as D?¢(x — y) is not summable near the singularity at y = z and so the differen-
tiation under the integral sign is incorrect and unjustified ?

Now we show this in the case of one-dimensional Laplace equation.

In one-dimensional case we have ¢(x) = |z| as ax + b will be general solution of % = 0.

Now let us define

umwa/ & — gl (y)dy, 0

—0o0

with as nice a function f(y) as we wish.

If the second derivative of |x| vanishes and if we can differentiate under the integral sign
in (1), then we should have u (z) = 0. For the sake of simplicity, we assume that the
function f(y) is smooth and vanishes outside of a finite interval so that all differentiations
under the integral sign are justified:

u(z) = —/ |z —y[f(y) =—/ T—y dy+—/ y — ) f(y)dy
- [mﬂw@—A:ﬂw@

Now again differentiating w.r.to z, we get

"

u (z) = f(x) + f(x) = 2f(x), (2)

Therefore, the function u(zx) is not a solution of the Laplace equation but rather of the
Poisson’s equation with the right side given by function (—2f(x)). In order to get rid of
the factor (—2), we introduce

1
¢1(x) = —§|x|, rE€R

and observe that for any "nice” function f, the function

=/m¢mx—mfwm% reR

is the solution of the Poisson’s equation

1"

—u () = f(z), =z €R.
Now solution of the Poisson’s equation

—Au=f. (3)
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Let, wu(z) = - o(x —y) f(y)dy

—& Jelog(lz =y f(y)dy — (n=2)
- (4)

1 fw)
n(n—2)a(n) fR" ‘x_y|(yn_2) dy (Tl > 3)7

Theorem: Define u by (4). Then (i) u € C*(R") and (ii) —Au= f in R™. Here for
simplicity we will assume that f € C?(R")i.e. f is twice continuously differentiable, with
compact support. Now we can see that (4) provides a formula for a solution of Poisson’s
equation (3) in R™.

Proof: (i) We have

u(zr) = . o(x —y)f(y)dy
= /. o(y)f(z —y)dy

= d 5
- h f(y)dy (5)
where h # 0 and e; = (0,...,1,...,0), the 1 is in the " slot i.e. the unit vector in the
direction of z;.

Now we have

u(z + he;) — u(x) /n¢(y) {f(xjthei—y)—f(aﬁ—y)

flx+he;—y) — flx—y) of (x —y)

uniformly in y € R™ (now here we will use the fact that f is compactly supported). Now
we may pass to the limit A~ — 0 in (5) we get

ou ¢(y) Sz —y)

6$i Rn 0x,

as h — 0

dy for (1 =1,2,...,n)

A very similar argument shows that

P*u O*f(x—vy)
= — P dy. 6
As the expression on the right hand side of (6) is continuous in the variable x, so we have

u € C*(R™).
(i) Now we show that u(z) satisfied the Poisson’s equation. From above we know that

Au(z) = . o(y) Do (o —y)dy.

Since ¢(y) has singularity at y = 0, so we take a small € > 0 (that we will send to zero at
the end of the proof) and split the integral above into the integral over the ball B(o,€)
of radius € centered at y = 0 and its complement.

dur) = [ o) B fa iy [ o) b fle )iy
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Since this decomposition holds for any € > 0. Therefore we have

Au(z) = lim (I(z) + J(2)). (7)

Now we compute the limit in the right hand side of (7) in order to verify the Poisson’s

equation. Now

I(z) =

So,  [le(x)]

since | A, f(z —y)|

Now for n = 2, / |p(y)|dy
B(o,e€)

So forn =2, |I(x)]

For n > 3, / 16(y)|dy
B(o,¢)

So |Lc(x)]

From above we can conclude that lim._,q ()
Therefore the contribution to Au(z) comes from J,(x).

Now J.(z)

Now we know that,

Je()

IN IA

IN

IAINA

IN

IN

<

/ o(y) Do f(z — y)dy
B(o,¢€)

| P(y) Do fz —y)dy|

B(o,¢)

/ 6| o flo — y)ldy
B(o,¢)

1Dl = / 6(y)ldy,
B(o,¢€)

ID* £l o= ).

1 € 2m
by / / |(log ) |rdrdw
A o o

1 €
—27T/ |(log7)|rdr
2m o

2
r €
og r| I

€*|log €|

1D f | Lo (rm)

e

1r 2
——dr (we assume that 0 < e < 1)

?|log €|

1

1

/;(0 €) n(n -

n—2

n—2

2)a(n) yln — 2)

wl,
ol

dy

/ drdw
S(n—1) /r‘

/ rdrdw < €
(n—1)

1D’ f||Loo<Rn> / 6(y)ldy
B(o,€)

Ce?|log €]

Ce?

(n=2)

(n > 3),

= 0, uniformly in z € R".

= 9 B f ey
Dofle—y) = Dyf(r—vy)
S LS T
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Gauss Green’s Formula: Let v(z) be a vector valued function and f(x) is a scalar
valued function over a nice domain U. Then

R"-B(0,€)
Outward normalto

/(]U(x)gradf(x)dx = /aU (v(z).v)f(x)dS(x) — /Uf(x)divv(x)dx ﬁ< :S:;(I:rz)r:soi::[e

t08(0, €)

Af = div(gradf) CJ

Choose f=¢, v(z)=D,f = gradf

/Dyf.D¢d:c:/ (gradf.u)gbds—/¢dz’v(Dyf)dv
U ou U

a) = [ o A sy

_ / o(y)div(D, f(x — y))dy
R"™—B(o,¢)

- _/ Do (y).D, f(x —y)dy + / ¢(y)g—f(x —y)dS(y)
R~ B(ose) v

9B(0,¢)
= Ke + Le
v denoting the inward pointing unit normal along 0B (o, €)

_ f
Now. L= [ o) u)asty)

L) < 1DF e / 6()IdS(y)
0B(o,¢€)

Cellog €| (n=2)

IN

Ce (n > 3),

1
or n=2 [ jeidst) = [ o-llogeldsiy)
0B(0,€) 0B(

o0,e) “T
1
= %|loge|27re:e|loge|
1 1

for n>3, /8 o [6(W)ldS(y) = /8 Bloe) 11 — 2)a(n) €D 45(y)

1 1
_ (n—1)
n(n —2)a(n) em=2) na(n)e = ¢

So in both cases, we have lim L, = 0.
e—0




So the main contribution to Au(z) must come from K.

K. - / D(y).Dyf (x — y)dy
Rn—B(0,¢)

Now integrating by parts using Green’s formula once again, we get

K. = ooy [ Z e sy,

R"—B(0,¢)

Now, / A$(y)f(z - y)dy = 0.
R"—B(0,¢)

As A ¢(y) =0, since y e R" — B(0,¢) soy #0.

B 99(y)
Now, Ko=0- [ S5 5w asty).

Now consider the case n > 3, then
1

S — ()
Do(y) i 2a ) D(ly|=2)
1 —n + 2 5 ) Yotz
— n(n—2)a(n)< 5 )(yl+y2+ R I
1 n
= 2o "W
_ Ly
= T Ty 7Y
=— = 2o €).
=y ¢ o 9B(0.¢)
Consequently, 8?—(5) = v.Do(y)
_ (Y -1 y
(6) ' (na(n) )
1
- W on 0B(0,¢€)

Since na(n) is the surface area of the sphere 0B(0,€), we have

K€ N n)en ! /63 (0,€) dS( )
1
a n)en ! /8B
B 1
B ’aB($,€’ OB(z
-~ 4 s <y>
OB(x€)
Thus H%Ke(x) = —f(x)

S0 Awu(x) = —f(z). Hence proved.

13
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Note: If f(z) is continuous at z then faB(m) f(y)dS(y) = f(z) asr — 0.
Now § 50 f(W)AS(W) = fla = §5p0,,(f(y) = f(2))dS(y).

Now choose r < ¢, and using the continuity of f at x, we get

| F)dS(y) — F()] < 74 W) - F(@)|dS(y) < e.

0B(z,r) 0B(z,r)

hence proves.

Mean Value Formula:
Now we will show that locally u(x) is close to its average. Intuitively this implies that
u(z) can not behave very irregularly and should have limited room to oscillate.
Now let us first look mean value property in one-dimension. Any harmonic function in
one-dimension is linear u(z) = ax + b, and then of course, for any x € R and any [ > 0,
we have

T+l
e) = 5 (e D) +ule =0) = 5 [l

Now following result is nothing but generalization to harmonic function in higher dimen-
sions.

Theorem: Let U C R™ be an open set and let B(x,r) be a ball centered at € R™
of radius r > 0 contained in U. Assumed that the function u(x) satisfies Au = 0 for all
r € U and that u € C*(U). Then we have

1 1
= - dy = ——
u<x> |B<l’, T)| B(z,r) u<y) Y |8B(xa T>| 0B(zx,r)

— wly)dy = u(y)dS(y).
ji . (y)dy ]gBW) (y)dS(y)

Proof: Let us fix the point x € U and define

u(t)dS(y)

1

= 0B e u(y)dS(y) (1)

()
It is easy to note that since u(x) is continuous, we have

lim ¢(r) = u(x).

r—0

Therefore our proof will be over if we will prove that

qs’(r):?:o for all r > 0.

r

For this, we will use the polar coordinates i.e. y = x + rz with z € 9B(0,1). Now
equation (1) will take the following form

o(r) u(z +rz)dS(z).

~10B(0,1)] Jogo



Now differentiating above w.r.t.’r’; we get

1
P(r) = mm—v
) 10B(0, )] Japo,)

Going back to y— variable, we get

Du(z +rz) - 2dS(z).

o= L wly) LT
¢'(r) DB 8B(x7T)D (y) - = —dS(y)
- [ sy @

|8B(l’, T’)| 0B(zx,r) 5

where £=2 is unit vector on 0B(z,r) and 2% is the directional derivative.
Now we will use the following Green’s formula

/ f A gdy = f@dS — / Df.Dgdy
U ou OV U

by taking f =1 and g = u, we get

| suy= [ asw) @)
B(z,r) OB (z,r) v
Now combining equation (2) and (3), we get
1 ou
dr) = ———— —dS(y
( ) |aB(I‘7T')| OB(z,r) ov ( )
1
= — Au(y)dS(y) = 0(." u is harmonic
|B(x,7)| OB(z,r) (9)d5(9) ( )
: |B(z,r)] 1
or ¢'(r) = Au(y)d(y
"= 0BG B Jan
- L j{ Auy = 0.
n JB(z,r)

This implies that ¢(r) is a constant.

) 1
So, ¢(r) = thiﬂom BB(I’t)U(y)dS(y)Zu(m)

1
So, u(r) = W BB(%T)U(?J)dS(y)

In order to prove the first equality we use the polar coordinates once again

6 O = B, o 050 )

1 " n—1 s
= ]B(a:‘,r)|/0 u(z)na(n)s"d
— uls na(n)r" _ u(z) na(n)r® — ulx
= ul )TL|B(LU,T)| n  a(n)rm (z)
i = ; U = U
e u<x> B |B<l’,7”)| B(z,r) <y)dy é(w,r) (y>dy

15
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Theorem: (Converse to mean value property)
If u € C*(U) satisfied

1
u(x) = udS = ———— udS
( ) ng(x,r) |3B(x, T)| OB(z,r)

for each ball B(x,r) C U, then u is harmonic.

Proof: We will try to prove it by contradiction.

Assume that Au # 0, then there exists some ball B(x,r) C U, such that say Au > 0,
within B(z,r).

Now since u(z) = faB(w) u(y)dS(y). This says that u(x) represents the average of u over
the surface of the ball B(x,r).

Now define ¢(r) as above i.e.

o(r) = ]g o HISG).

Since u(x) is average over the surface of the ball B(z,r) so we must have

¢'(r) =0
Now 0=4¢'(r) = Z]{ Au(y)dy >0 (as Awu>0in B(z,r))
 JB(z,r)
ie. 0 > 0.

Thisis a contradiction. Hence the statement of theorem is true.

Strong Maximum Principle:
Theorem: Suppose u € C?(U) (N C(U) is harmonic within U then

(1) maxu = maxu.
% oU

(ii) Furthermore, if U is connected and there exist a point zy € U such that

u(zp) = maxu.
U

Then u is constant with U. Assertion (i) is maximum principle for Laplace equation and
(ii) Strong Maximum Principle.

Proof: We will prove (ii) from which (i) follows;
By assumption, u is bounded from above and attains its maximum in U at a point xg.
Let
u(zg) = M = mﬁax{u}

and consider the following set

F=u{M}={x€U: u(z)= M}
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The following fact may be noted

(i) Since singleton sets are closed in usual topology and so { M} is closed. Now continuity
of u implies that ™ '{M} = F is closed.

(ii) F' is also open.

Now for any 0 < r < dist(zg, OU)

M = u(xy) = j{ u(y)dy < M
B(zo,r)

The equality holds only when u(y) = M V y € B(zo,r) otherwise if u(y) < M for some
y € B(xg,r), then we will get a contradiction and so u(y) = M ¥V y € B(xo, 7).

This implies that B(xg,r) C F' and so F' is open.

Now the subset F' of U is closed as well as open and keeping in mind the connectedness
of U, we get FF=U, ie wu(xr)=MYVY x €U Hence proved.

Now we use (ii) to prove (i).

Certainly
max v > maxu since OU C U.
U ouU
Now assume maxu > n(;}ax u, then the maximum is achieved at some interior point z.
U U

Let U, be the connected component containing zo. By (ii), we know that u =
constant = u(xy) in Uy,.

Since u € C(U), we know that  lim  u(z) = u(zy) = u(y). Contradicting

x—>y€8UwO

maxu < maxu.
U T

Cor 1: Assume that U is a connected domain, and u solves

Au = 0 in U
u = gon dU. (1)
Assume in addition, that ¢ > 0, g is continuous on 9U, and g¢(z) # 0. Then wu(x) > 0
at all x e U.
Proof. The proof of this corollary immediately follows from minimum principle:
mingep u(z) > 0, and w can not attain its minimum inside U, thus wu(z) > 0
for all x € U.
Cor 2: (Uniquness) Let g be continuous on 9U and f be continuous in U. Then
there exists at most one solution u € C*(U)(C(U) to the boundary value problem
—Au = f inU
u = gondU. (2)
Proof: Let u; and uy be two solution of (2). Then the difference w = u; — uy satifies
the homogeneous problem
Aw = 0 in U
w = 0ondU. (3)
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The maximum principle implies that w < 0 in U while the minimum principle implies
that w >0 in U, whence w =0, and thus w; =uy in U, proving the corollary.

Regularity of harmonic functions: Now we prove that, if u € C?(U) is harmonic,
then u € C'°°. This sort of assertion is called a regularity theorem. The interesting point
is that the algebraic structure of Laplace’s equation Au = " | .., leads to the analytic

deduction that all the partial derivatives of u exists even those which do not appear in
PDE.

Theorem: If u € C(U) satisfies the mean value property for each ball B(x,r) C U.
Then U € C>(U)

Or

If w € C*(U) be a harmonic function in a domain U. Then wu is infinitely differentiable
in U.

Proof: The proof of this theorem comes via a miracle. We first define a "smoothed”
version of u, and then verify that the "smoothed” version coincides with the original,
hence original is also infinitely smooth.

Consider a radial non-negative functions n(z) > 0 that depends only on |z| such that

(i) n(z)=0for |z| >1
(ii) n(x) is infinitely differentiable and
(iil)  [rnn(x)dz = 1.

Also for each € € (0,1) define its stretched version

ne(w) = Elnn (E> :

€

It is easy to verify that n. satisfied all the above three
conditions. Moreover the function

wle) = [ nle=putdy @
U
is infinitely differentiable in the slightly smaller domain
Ue = {z € Uldist(z,0U) > €}.

The reason is that we can differentiate infinitely many times under the integral sign in
equation (1).

Our main claim is that, because of the mean value property,
u(z) = u(x) for all x € U.. (2)

This will immediately imply that w(z) is infinitely differentiable in the domain U, and
as any point = from U lies in U if € < dist(z,0U), it follows that u(x) is infinitely



differentiable at all points x € U.
Let us now verify equation (2)

u(z) = / ne(e — y)uly)dy

= i/n ('x—Zy'> u(y)dy

" Ju
1 T —y

= —n/ n <u) u(y)dy.
€ B(z,e) €

The last equality holds because n(z) = 0 if |z| > 1, where n.(z) = 0 if |z| > €.

Changing variables y = = + €z gives

. 1 €z
u(r) = o /3(0,1) n (—) u(x + €2)dz

€

u(x) = /01 n(r) {/83(0’1) u(z + erw)dS(w)} r"Ldr

The mean value property implies that

/83(0 : u(z + erw)dS(w) = u(z)|0B(0, 1)

using this in (3), we get

u(x) = u(x)/o n(r)|0B(0,1)|r" dr
= ulx dy = u(x).
@ [ Ay =)

Thus v = w in U,, and u € C*°(U,) for each € > 0.

Estimates on derivatives:

(3)
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Theorem: Let u(z) be a harmonic function in a domain U and let B(xo,r) be a ball
contained in U centered at a point xqg € U. Then there exists universal constants C,

and D, that depends only on the dimension n so that we have

we) < [ iy (1)

and

Dy,
Duteo)l < 2% [ futy)ldy )
B(zo,r)
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Proof: The first estimate follows immediately from the mean value formula. Now
for the derivation of second inequality, we note that if u(x) is harmonic then so are the

partial derivatives 687“]_,
au(ilio) < 1 _ / au(y)dy
O |B(z0: 5)I |/B(o,5) 07

1
- | B(z0, 5)| /83(930,;') “hs S )

where, v;(y) is the j— th component of the outward normal. Continuing this, we see that

(By Gauss Green’s formula), (3)

Ou(x 2" na(n)rnt
(@) 2 el )
0z, a(n)r 2 2€0B(w0,5)
2n
= = s u(s)] @)

r 2€0B(wo,%)

Now, we can use the estimate (1) applied at any point z € dB(wg, 3) :

Ch
@l < e [ )
(2)" JBo.z)
However, since |zy — 2| < § (this is why, we took a
smaller ball in (3)), any such ball B(z, %) is contained in-
side the ball B(xg,r), thus (5) implies that

Cn ’ /
@l < g [ e
2 B(zo,r)

Now it follows from (4) that

ou(x 2n C, o
| a( ,0)\ < —ﬂ/ ju(2)|dz
T r (2) B(zo,r)
D,
= 2 (0

B(zo,r)

which proves the result (2).

Now we proceed to find the estimates of higher order derivatives.
We have proved that theorem is true for K =0 and K = 1.

1
ju(z)] < W(

ntlpy 1

a(n) ,)THHUHLlB(xom)

<IN

)" lll 5.

and

[t (20)] <
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Assume now K > 2 and theorem is true for all balls in U and each multi index of
order less than or equal to K — 1. Fix B(xzg,r) C U and let a be a multi index with
la] = K. Then D = (D"u),, for some i € {1,...,n},||8|| = K — 1.

Now as previously, we can easily prove that

o nk
| D%u(o)| < TIID5UI|Lw(aB<zo,§))

If x € OB(xo, ), then B(z, £21r) C B(w,r) C U.
Thus we can apply the theorem for K — 1, we get

(27 (K — 1)K
a(n)(EZy)nti-1 [ull 2B g,
K

1D, || <

Combining this with previous, we get

nk (2n+1)K—1nK—1(K _ 1)K—1Kn+K—1

|Dauac()| r O[(TL)(K — 1)”+K—17"n+K—l ||u||LlB($0,'r’)
nK (2n+1)K71nK,1Kn+K71
N r aln)(K — 1)nyntK-1 ||uHL1(wo,r)
(2n+1)K_1nKK”+K
= @K — e s
(2n+1)KnKKKKn
- a(n)(K — 1)n2ntipntk lull 21 Bzo.r
(2n+1nK)K K"
= ek (g — e e
< ZO% 1)
N1 Y z0,r)9
a(n)rnt L' B(zo,r)
Kn
here,for K2 2 gy < L

Liouville’s Theorem: Let u(z) be a harmonic bounded
function in R™. Then u(x) is equal identically to a con-
stant.

Proof: Let us assume that |u(z)| < M for all z € R", we
fix o € R™ and from the theorem for local estimates, we
have

2n+1n
| Du(zo)| < WHuHLlB(UﬁO,T)‘

Now ||ul| £t Bag,m) < a(n)r"M

ontln
a(n>rn+1
2n+1n

= M.
r

so |Du(zo)| a(n)r"M
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As this is true for any r > 0, we may let r — oo and conclude that Du(zg) = 0 thus
u(x) is equal identically to a constant.

C Ca(n)r™ Ca(n)
O Dul < o [ oy < S < S

r

—0Qasr —
Thus Du = 0 = u = constant

Theorem : (Representation formula)

Let f € C’Z(R”), n > 3. Then any bounded solution of — A u = f in R™ has the form
= [ 0@ —y)f(y)dy +C (x € R") for some constant C.

Proof Since ¢(x ) is defined as

— L log Jo] (n=2)
o(x) =

1 1
n(n—2)a(n) |2](n—2) (n=3),

Since ¢(z) — 0 as |x| — oo for n > 3.
Suppose u is another solution of the given poisson equation —Au = f.

fRn f(y)dy is bounded solution of — Au = f in R™.
If u is another solutlon then w = u — @ is a solution of Laplace S equation Aw = 0. Now
applying the Liouville’s theorem, we get w is a constant so u(z) = [, ¢ Rn fy)dy+C.

Remark: If n = 2 then ¢(z) = 5-log|z| is unbounded as [z| — oo and so may be

S (@ = y) f(y)dy.

Question: Harnack’s inequality for 1-dimension:

Let us first try to understand this in one dimensional case.

Let u(x) be a non-negative harmonic function on the interval (0, 1), that is, u(x) = az+b
with some constants a,b € R.

We claim that if u(z) > 0 for all € [0, 1] then

1 ulx)
35wy =2 W

for all 2,y in the smaller interval (3, 2). The constants 3 and 2 in equation (1) depend on
the choice of the "smaller ” interval. These constants Wlll change if we will replace (1 §)
by another subinterval of [0,1]. But once are fix the subinterval, they do not depend
on the choice of the harmonic function. Let us now show that equation (1) holds for all
z,y € (% T 4) without loss of generality we may assume that x > y. First consider the case
a > 0. Then since u(z) is increasing (because a > 0), we have

3
| < u(x) < u(y)  3a+4b

Suly) T ulh) T ard

(2)
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As u(z) > 0 on [0,1], we know that b > 0 (and a > 0 by assumption) using this in

equation (2), we get [let c = 7]

1<u(x)§30+4: 8 <3
uly) — c+4 c+4

On the other hand, if a < 0 then the function w is decreasing and

w(x) _uw(3) 3e+4 1 8(c+1)
P Ty T et 33ty

As u(l) > 0 we know that a + b > 0, and we still have b > 0 since u(0) > 0. Thus
—1 < ¢ < 0 and therefore

~—

8(c+1)

* 3(c+4)

1> M) >
u(

)

W =
Wl

Now we conclude that equation (1) indeed holds i.e.

u(z) 13
< —=<3 fi -, =).

Wl =

Geometrically equation (1) expresses the following fact:

If u(2) >> u(%) then the slope of the straight line connecting the points (1, u()) and
(3,u(2)) is too large so that it would go below the z— axis at = 0. On the other hand
if u(3) >> u(3) then this line would go below that z— axis at © = 1. Therefore the

condition that u(x) > 0 on the larger interval [0, 1] is very important here.
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Harnack’s inequality: For each connected open set V' CC U, there exists a positive
constant C', depending only on V', such that

supu < C'infu
A4 \%

for all nonnegative harmonic functions u in U.
Thus in particular

1
au(y) < u(x) < Cu(y). for all points z,y € V

Explanation: Let z,y € V| then
u(z) < supu < Cinfu < Cu(y)
v 1%

SVzy € Viu(z) < Cul(y)

and u(y) < Cu(z) = éu(y) < u(x)

So %u(y) <u(z) <Culy) Vae,yeV

Proof: Let r > 0 and r = 1dist(V,0U)
Let z,y € V such that |z —y| <r

w(z)dz
Then u(x) = % u(z)dz = fB(wvz”)—()
B(z,2r) oz(n)(QT)n
Let z € B(y,r) then |z —y| <7

|z —z[<|z—yl+]y—af<2r
= 2z € B(z,2r)
So B(y,r) C B(z,2r)

Since u(z) is non-negative and B(y,r) C B(z,2r)
So

- fB(x,Qr) u(z)dz M
u(x) = Tan) @ > o(n)

.YV x,y € Vsuch that |z —y| <7

u(r) > Su(y)

and



1
ortly) < ulz) < 2%(y)
Let U,.B°(z,%) be an open covering of V.

As V is compact, 3 21, T, ..., xx € V such that

V C B, 2) U...U By, 72")

write A; = V N B(x;, g),z' ~1,2,...,N

Then as V is connected (.-, V is connected).

Claim: Each A; (i =1,2,..., N) must intersect with some A; (i
If not then there exists A;(i = 1,2,...,N) such that 4, N A; = ¢

(1 # 7). Then

V=AU - 127éjA)

Here A; and U;V:l#jAj both are open in V and they are disjoint.
=V having a separation (a contradiction)

Thus our claim is true.

Now we re-order A;, such that A, NA; 1 #¢,i=1,2,...,. N—1
Let x,y € V, the most extreme case is

LUGAl, yeAN

. Then for z;5 € A; N A,
|z — z19] <1

u(z) > Qinu(zlg)

Zo3 € Ao N As, |2120 — 203| <1

'LL(Zlg) > %U(Zgg)

for
234 € A3 N Ay, 203 — 234| <7

u(223) > QLU(Z?A)

Similarly
2NN € AN N Ay

lzv—1ny —yl <7

u(en 1) 2 ()

o
v

)
3

Sl

25
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o u(e) > Sl

Similarly

thus N

1

G < ula) < Culy)

Therefore for every x,y € V' V a positive constant C' such that

=y(y) < ulz) < Culy)

Green’s Function:
Let us now assume U C R" is open, bounded and 9U is C'. Now we will show a
systematic way to construct solutions of the boundary value problem for the Poisson’s
equation

—Au=finU, (la)

subject to the prescribed boundary condition
u =g on U, (1b)

when the domain U is sufficiently simple (a ball, half space, etc.).

We will construct a more or less explicit formula for the solution. When U is complicated
we cannot get as explicit formula but we will reduce solving equation (1) with arbitrary
function f and g to the special case f = 0, and one particular function ¢g. Having a solu-
tion to this one special case allow to construct solutions for general f and g immediately.
This is useful when one needs to solve Poisson’s equation in the same domain for various
fand g .

Let us recall that fundamental solution of the Laplace equation '¢(z)’, which we have
obtained earlier is:

8(r) = —5-logle]  (n=2)

and
1 1
M= e g e =9
We have shown that
u(z) = . oz —y) f(y)dy (2)

is a solution of the Poisson’s equation

—AU:f,



27

posed in all of R™. Now we would like to adapt the representation formula given by equa-
tion (2) to the boundary value problem equation (la - b) posed in a bounded domain
and taking into account the correct boundary conditions.

Derivation of Green’s Function:

Suppose first of all u € C?(U) is an arbitrary function. Fix € U and choose ¢ >0
so small that B(z,¢) CU
Now consider the domain

Ve=U — B(xz,¢) [i.e. U without the ball B(z,¢)]

Now using the Green’s formula, we get

/ [u(y) & oy — x) — dply — x) A u(y))dy = / [u(y)%

/ V. 81/

(v~ o) — 6y — 7) 5 (Y)]dS(y).
)

Here v denotes the outer unit normal vector on dV.. The reason we had to cut out
the small ball around the point x is that now when y € V, the argument (y — x) of the
fundamental solution ¢(y — ) cannot vanish, and is regular. Otherwise, we would not be
able to apply Green’s formula since ¢(y — x) will be singular at y = . As Agp(y—z) =0
when y # x, the above relation (1) becomes

0¢p ou
-, oy —x) Auly)dy = /WE [U(y)g(y —x) — ¢y — x)g(y)]ds Y).

0¢p ou

-, oy —x) Auly)dy = /aUMy)g(y —x) — oy — x)g(@/)]dS(y)

9¢ ou
i /83(:]5,5) [uy) 5, (v =) = dly — )7~ (W)ldS(y)  (3)

This identity holds for all € > 0 and we will now pass
to the limit € — 0 in (2). The boundary 0V, is the union
of OU and 0B(x,¢€) as earlier.

Here we will consider the case n > 3. The case n = 2 can be similarly proved. Now

/6 s oy — x)%(y)ds(y)‘ = Ao 2)104 e /6 e %(y)dS(y)‘
S I o 5 0S0)
= n(n—Q)la(n)en—2M /BB(M) ds(y)

S e 2)104(71)6"—2M na(n)e"™!

M
= ¢ —Qase—0
n—2
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here M = sup,y; |Dul.

For n > 3,
ly —z|* = [(3/1 —21)’+ (o —22)? + (ys —23)° + ...+ (Yo — :(:n)ﬂ
—0¢(y—a:) = —x)V= ! v | where ﬂ:—_@_x)
o Doy -z} =D {nm ~Sa(m)ly - a:|] | ( R e )
=2y 2T Sy —2]) | [~y — )
a [ n(n —2)a(n) ; Ay ] [ ly — x| }
_ =2y -2y —2)] [-(y—2)
a [ n(n —2)a(n) } [ ly — x| }
_ -2y ly—=f
na(n)ly —z["*  na(n)ly — z["+!
1 1
~ na(n)ly —z["t na(n)en! Ou 9B(z,€)
9. . _ 1 "
/ s MG =) = / o US0)
- [ uyasw)

|aB(IL', 6)| 0B(z,¢€)

_ jﬁ o HAS() > u(z)as € =0

Now sending € — 0 in (3), we get

- /U oy — ) Au(y)dy = /M[U(y)%(y —x) =y — I)%(y)]db’(y) + u(z)

ute) = [ oty 0)500) ~ u) 5oty — 2aS) - [ o) Bty (3

This identity is valid for any point € U and any function u € C%(U).

Therefore in order to compute u(z) we should know Awu insides U(which we do for the
solution of the Poisson’s equation (1a), it is f), as well as u(y) on the boundary oU (which
we do know for the solution of the boundary value problem (1b), it is g), but also the
normal derivative % at the boundary of U and that we do not know.

We must therefore some how modify to remove this term.

The idea is now to introduce for fixed x a corrector function ¢* = ¢*(y), solving the
boundary value problem:

ANp®*=0 in U
¢"=¢(y—x) on U
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Let us apply Green’s formula once more (but without the need to throw out a small ball
around the point x, since the function ¢* is regular at y = x) gives

[ewsun = [ G0 - w5 wlsw
= / u(y)a;:(y)ds(y)— Py — )gz( )dS(y)
U ou

ou B 8¢” o
[0 5wasw) = [ ) G-wdse)+ [ o) sty
Using this in (4), we get
NG ") A %,
= | w5 wasw + [ 6w s utds— [ w3 —aas)
/¢ —x) A u(y)dy
U

uw) = = [ w) G- a) = Golas) - [ oty =) - &) Audy. ()

Definition: Green’s function for the region U is

Adapting this terminology in (5), we get

uw) = = [ w) G w)isw) -~ [ Gl Auay @ev) (©

g—f(:ﬂ, y) = D,G(z,y) - v(y)

is the outer normal derivative of G with respect to the variable y. It is easy to note
that the term 2% does not appear in (6). We have introduced the corrector function ¢°
precisely to achieve this.

Theorem: (Representation formula using Green’s function).
Suppose now u € C?(U) solves the boundary value problem

—Au=f in U (7)

u=g on OU

for given continuous functions f and g. Put this into (6), we obtain the following result.

wa) == [ oG st + [ @G (e V),
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Here we have a formula for the solution of the boundary value problem (7) provided we
can construct Green’s function G for the given domain U. This is in general a difficult
matter and can be done only when U has simple geometry.

Theorem: (Symmetry of Green’s function)
For all z,y € U, x # y, we have

G(y,z) = G(z,y)

where Green’s function is
G(z,y) = oy —z) — ¢"(y)

Proof: Now to prove above theorem, using Green’s formula. Let x # y be two
distinct points in U, and set v(z) = G(z,2) and w(z) = G(y,z). Let us at two small
balls B(z,€) and B(y,€) with € > 0 so small that the balls are not overlapping and are
contained in U. Let V =U — [B(x,¢)|J B(y,¢)] be the domain U with the two balls
deleted.

Then Aw(z) =0 z#x  zeU
Aw(z) =0 z#y zeU (1)
and v=w=0 on ou

and B(z,e) CU & B(y,e) CU.
ie. A,w=A,v=01inV as this set contains neither the point z nor the point y. The
Green’s formula then becomes

/| [m% o) 20 } 5(2) = [ [0(:) 20(2) = 0(2) S w(a)ldz =0 (by (1) (@)

The boundary of V' consists of three pieces, the outer boundary OU where both w and v
vanish and the two spheres 0B(z, €) and 0B(y, €)

ie. OV = @UU 0B(x,€) U 0B(y,¢€)

andv=w=0 on OU.

Therefore from (2), we have

Lo o) o) 25 aste) + | » w2 — o922 sy

R e R IC)

w(z) = Gy, 2) = 6z — y) — ¢*(2)
¢'(2) = 6(= — y) on AU
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w(z) =¢(z —y) — ¢(z —y) = 0 on U
w(z) =0 on OU
similarly v(z) =0 on U
Now from (3),

Lo w22 o0 25 s+ . w2 o2 sy =0

v(z) is harmonic in B(y,€¢) and w(z) is harmonic in B(xz,€) where v denotes the
inward pointing unitnormal on 9B(z,€)|J0B(y, )

Now since w is smooth except for z =y, therefore is bounded on 0B(z,€).

So 3 M >0 such that |32 < M on 9B(z,e)

/83(w,e)v( )alg’(/)dS( )‘ : aBme |’—‘

Now

< s M [ ds()
z€0B(x,€) OB(x€)

<  sup |v(z)|Mna(n)e"t — 0as e — 0
z€0B(z,¢€)

, ow(z)
| =
lim /a o VDTG SE) = 0

Similarly, we have

lim w(z
e—0 8B(y,€) 8V

Therefore, taking ¢ — 0 in equation (4), we have

eli_n}o {/813(a:,e) w(Z)agE/Z)dS<Z> - /aB(y,e) U<Z>@1g’(/2)d5(z)} -

0v(z)

lim w(z dS(z) = lim v(z dsS(z 5
M e (2)—,~d5(z) = lim, S (2)—,7d5(z)  (5)
Since v(z) = ¢(z — ) — ¢*(2) in U and ¢*(z) is smooth in U

_ 0v(z) L 0p(z — x)
611_1][)10/8}3(9076)w(z) £y dS(z) = 611_11’10/88(9@,6)w(2> 5 dS(z)

— lim z 9°(2) z
lin /8]3(“)10( ) 5 dS(z)

e—0

Claim: lim, g [y, . w(z)2%52dS(z) = 0?
As v(z) is harmonic in B(y,e) and w(z) is harmonic in B(z,€)

v(z) = G(x,2) = ¢(z — x) — ¢"(2)
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A¢® =0in U and so in B(z,e€)
¢*(z) = ¢(2 — x) on Boundary oU
we know the Green’s formula
Jv
/(Du.Dv)d:c = —/ uAvdx—l—/ u-—dS
U U ou OV

Now taking v = ¢“(z) and u = w(z), the above formula becomes

9¢° (2)
Dw(z) - Dd*(z))dz = — w(z) A ¢*(2)dz w(z)——=dS(z
/B(xﬁ)( (=) Dg*(2) /B(m) GasEes [ w2 s

0B(x.e)
Also A¢"(z) =0 in B(z,e) and so

agbx(z) B (o) Ve
/(93($76)w(z) 5 dS(z) —/B(W)(D (z) - D¢®(2))d

09" (2)
/a o WS ()

lim w(z dS(z) = lim w(z)M

0 JoB(x,e) ov 0 JaB(x,e) v

= lim ;/ w(z)dS(z)
OB(z,e€)

Since,

< Ce™ Y sup |Dw| — 0 as e — 0.
OB(z,€)

dS(z)—0

e—0na(n)er—!

1
= lim ——— w(z)dS(z
B OB Jopen )
= lim w(z)dS(z)
€0 JoB(x,e)
= w(z) =Gy, z).
Similarly, we can show that
im [ o) 22%4s6) = vy = Glay)
e—0 9B (y.¢) 81/

Now from equation (5), we have

Gy, z) = G(z,y)|

This proves symmetry of Green’s functions.
Green function for half space:
The half space is defined as

R} ={z = (v1,22,23, ...,2,) € R": 2, >0}

This region is unbounded.
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Definition: If = = (1, 22,23, . .. ,2,) € R™ then its reflection in the plane OR".
is the point
T = ($1,(E2,I3, e ,—.Tn) e R"
OR"} = {(z1, 22,23, ... ,2n); T, =0}
We will solve the problem
A¢™ =0 in R"

(1)
¢" = p(y —x) on OR"

Let

"(y) =0y —7) = o(y1 —T1, Y2 — T2, Y3 — T3, -+ . Yn1 — Tp_1,Yn +Tp) T E RY, = ¢ R}

we note that ¢* is analytic in the region R} and A¢” =0 in R%} and ¢"(y) = ¢(y—2)

on JRY.
Thus, ¢*(y) satisfies the condition of correcter function.
Now Green’s function for the half - space is

Gz, y)=¢(y—z)— oy —7), z,y € R} and z #y.
For the half - space, we will calculate

0G(z,y) 0oy —x) 0oy — )

(1)

I Yn D
Now, 24u-2)
1 1
C Py —x) = Y P oy o e n >3 where r = |y — x|
where 7% = (y1 — 1)+ (Y2 — 22)* + (g3 —23)° + ... + (Yp — z0)?
or
27“0—% = 2(yn — @)
aT . (yn - xn)
— Oyn r
9y —x) 9 ! !
OYn Oy \n(n — 2)a(n) rn2
_ 1 9 —n+2
~ n(n—2)a(n) Ay, (r )
_ 1 —n+1 ﬁ
 n(n—2)an) (2=mnr )8yn
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oply —x) I yp—m,
o = naln) , r=ly—z (2
oply—x) 0 1 1
Now, O  Oyn (na(n)(n—2) Iy—fl”‘Q)
=i = ((—o)’+ =2+ .. + (Y +70)°)?
9 (y—g) = Lt
ayn Y B |y_‘%|
909°(y) _  —-(n—-2) 1 9 .
fhus Og nln—2)a(m)Jy— a1 oy,
n na(n) ly — z["

Now putting the values of (2) and (3) in (1), we get

dyn  na() [ly—zl"  [y—2"] na(n)ly— =l
Consequently if y € OR”}, then
0G(zx,y) _ 0G(z,y) _ 2,

v Oy na(n)ly — |
Now suppose u solves the Boundary value problem
Au =0 in R}
u=g on ORY

Then by representation formula using Green’s function, we have

- G (z,y)
u(r) = — - G(ﬂf?y)AU(y)dy—/aRiu(y)TdS(y)
—2x,
=0 /a 90 sy e 45
L 2xy, 9(y)
U = e / FEr
u(z) = . K(z,y)9(y)dydys . . . dyn—1 (4)

2Ty, 1
na(n) [z—y[™?
(4) is the representation formula for our solution

ule) == [ ggods)+ [ 6wy (- bu=0=1)

where, K(z,y) = r € R}, y € R} is known as Poisson’s Kernal.
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Theorem: Assume g € C(R" ') L*(R"!) and define u by
u(@) = [yry K(2,y)g(y)dy. Then

(i) w e C=(R) [\ L™(RY)
(it) Au=0 in R}
(itd)  lim _ wu(x) = g(xo) for each point zy € IR,

a:—m:o,a:ER’jr

Proof: (i) For each point x, the mapping x — G(z,y) is harmonic except for y = x.
As G(z,y) = G(y,z) then x — G(x,y) is harmonic except for y = x.
Thus © — —% = K(z,y) is harmonic for x € R, y € R’}
So keeping in mind harmonicity of function K(z,y), (i) is overed.

(ii) A direct calculation yields that
K(z,y)dy =1, foreach z e R’.
oR™

As g is bounded, u defined above like wise bounded. Since x — K(x,y) is smooth for
x # y, we can easily say that v e C*(R%)

and Au = N(K(z,y))9(y)dy, = eRY
OR™
this implies that Awuw = 0 in R}
(iii) We have
Au = 0 in R}
u = g on ORY

u(z) = 2‘7”_"/ 9(y)dy. reRY (1)
na(n) Jorn v —y|"’ i
2z, 1
K(z,y) = v (x € R}, y € ORY).

na(n) [z —y|"

Now for fixed zy € IR, € > 0, choose 0 > 0 so small that

lg(y) — g(xo)| <€ if |y —zo| <0, y € ORY

3

Now for |z — x| < §,

r € R%, we have

u(z) — g(z0)| = - K(,y)(9(y) — g(wo))dy
< - K(z,y)(g(y) — g(zo))ldy
< /aR1 s K(x,y)|g9(y) — g(zo)|dy + /arq_g(m,a) K(x,y)|g(y) — g(xo)|dy
(. - K(z,y)dy = 1)
< /aRi s, K(z,y)lg(y) — g(xo)|dy + /8R13($075) K(x,y)lg(y) — g(wo)|dy
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Hence, we note that
- K (w,9)\g(y) — g(ro)ldy
AR’ B(x0.0)

< € K(z,y)dy =€ since - K(z,y)dy =1
oR™ oR™

[ o) = gty
OR™ —B(x0,6)

For |z — 0| <$ and |y — zo| > &, we have

and J

ly —x0] < |y — x|+ v — 0]
1) 1
ly — o] < |y—x|+§§|y—x|+§|y—x0|
Ly — o
29 Zo

2lgli= / K (2, y)dy
OR™ —B(z0,0)

22|\ g|| oz

v

and so ly — x|

Thus, J

IN

/ ly — xo| "dy — 0, as x, — 0
na(n) OR™ —B(z0,0)

Now we deduced that

|u(z) — g(xo)| < 2, provided |z — x¢| is sufficiently small

This implies that lim  wu(x) = g(zo), for each point zq € IR’

xﬁmo,xeRi

Green’s function for unit ball:

Definition: If z € R" —{0} then the point & = 7 is called the point dual to z with

respect to 0B(0, 1). The mapping x —  is inversion through unit sphere 0B(0, 1).
Now we will take U = B°(0,1) and for = € B%(0,1), we must find a correcter function

¢ = ¢"(y) solving
A¢” =0 in B°(0,1)

¢" = ¢y —x) and 9B°(0,1)
Then the Green’s function will be
Gz, y) = oly — x) = " (y).
The idea now is to invert the singularity from x € B%(0,1) to Z ¢ B(0, 1)

2 €BY0,1)= |z -0|<1=|z|<1

=z eR"—{0})

|2
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Then the mapping y — ¢(y — Z) is harmonic as y # 7.
Thus y — |2|~ "2 ¢(y—7) is harmonic for n > 3 and so ¢*(y) = ¢(|z|(y—7)) is harmonic
in U. If y € 0B(0,1) and x # 0, then

2Ply — 2 = |2[[ly]* + [2]* — 2y2]

2
9 x x
o+ () ‘QWI
o |z
- {' e Qy‘”]
= [|$|2—2y$~|—1}
= [lz* —2yz + [yl’] (- |y*=1)

= |z

zly — 2> = |z —y|?
so [|z|(y — )" = |z -y "
Now - ¢"(y) = o(|z||(y — 7))
B 1 1
— n(n—2)a(n) (|zlly — z])"2
= ! ! if ye€0B(0,1)
n(n —2)a(n) |z —y["=2’
Py — )
¢*(y) = ¢(y—x) on 9B(0,1)
Now G(z,y) = ¢y —=x)—¢(|zlly — (), z € B(0,1), y € 9B(0,1), v #y
G(r,y) = oy—z)— oy — )
G(zr,y) = 0 when z € B(0,1) & y € 9B(0,1).

Assume u solves the boundary value problem

Au = 0 in B(0,1)
u = g on 0B(0,1)

- B%(0,1) is open, bounded and 0B(0,1) in C*. Now the solution of above problem is

wn == [ o lasw )
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9G(z,y)

Now we will find o

I9(y — x)
y;
99(ly — @llz])

Oy

or

99(ly — &llz])
0y

and v(y)

D,G(z,y).v(y)

Iply—x) 0 N
—7@7——5;me—wb (2)
0 1 1
y; {n(n —2)a(n) ly — o2 }
1 L, O .
‘m(" —2)y — 7| 8yi(|y )
1 0 , o o
_mumw_xp45iﬂm—wﬁ-+wz D2+ o (yn— x)?}
1 1 2 2 2y—1

_na(n)|y — x|t 5{(?/1 — 1)+ (Yo —x2)°+ .o+ (Yo — )7} 22(y; — ;)
_ 1 Yi — T4

na(n)ly — x|t |y — x|
_ 1 (yz - 5131)

no(n) |y — x|

L (v — )
@ e —ylr
0 1 1
3_yi {n(n —2)a(n) |z|"2y — j|n—2}
1 A
(= 2jatm) a2y, )
LW s gy

n(n = Da(n) ez T2y =3 T gy = 3D)

1 o . S
_EJBEF35;«%_x04‘~-+W% )?)

1 1 . o
TRy e (@ A = E)?) (= )
B 1 1 1 o — )

no(n)|z["=2 |y — z[1 |y — Z| Yi i

1 1 2

na(e 2y — 7 Y )
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Now, ¥ _

- Sl G B
_ —Zyl{yz yilz["}

06z, y) i yza—G(l’ y)

na(n)|z —y|"
= _____ZFE:% 1—|af?)
St (7
—1 (1—z%)

na(n) |z =yl

Hence, from equation (1), we have

_ (1—1|z*) g(y)
u(z) = /BB(O,l) dS(y)

na(n) |z -yl

0]

na(n) B(0,1) |z —y|"

u(r) = émmfﬂ%ymwwS@)

where,
-]z 1

na(n) |z —yl?
Now suppose u solve the boundary value problem

K(x,y) =

(Poisson’s Kernel).

Au=0in B°0,r) (5)

u=g¢gin dB(0,r) for r >0
Then @(x) = u(rz) with g(x) = g(rz) solves Au =0 in B(0,1) and & =g on
0B(0,1). Now the formula for (5), becomes
2|2
u(z) = ﬂ/ W) 5, = BYO, 1)
na(n)r Jopon 12—yl

Thus function

r € B%0,r), y € 0B(0,7)

is Poisson’s Kernel for the ball B(0,7).
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Theorem: Assume that g € C(0B(0,7)) and wu is defined by

u(w) = =L /d IW) 45, x € B0, ),

na(n)r B(0,r) |z —y|
then
(1) u € C(B°(0,7))
(ii) Au=0 in B%0,r)
) lim = g(2") for each point 2° € B(0,7),

z—z0,2€ BO(0,r)

Question 6: Use Poisson’s formula for the ball to prove

r+ |z

u(0) <wu(x) <r" WU(O)

r— ||
(r =+ [a])n

n—2

whenever u is positive and harmonic in  B°(0,7). This is an explicit form of Harnack’s
inequality.

Solution: when, |z| <r and |y| =7, weget r—|z| <|y—x| < r+]z| (by triangular
inequality).

Poisson’s formula gives us (and we must rely on g > 0) together with the above inequality
plus the identity 72 — |z|*> = (r — |z|)(r + |z|) :

_ ol 9(y) r* — Jaf? 9()
ulz) = / as(y) < Lo TS

na(n)r Jopon v =yl na(n)r = =)

r+ |z|)na(n)r o r+ |z| }
na(myr(r — 2]y /33(0,@ 9WdS) = a0

which is what we wanted. The other inequality is shown similarly, using the other half
of the inequality of the first paragraph.
Energy Method:

n—1

Uniqueness of solution:

—Au=fin U
u=g in U } (1)

Let u; and uy solves the problem (1) and take
U= Up — Uy
Now v satisfies the following equation

—Av=01in U}

v=0 onoU (1)

Now, let us multiply this equation by v and integrating over U.

/vAvdx:O
U
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Now applying the following Green’s formula
f(z)(v(z).v)dS(z) = / div(v(z)) f(x)dx + / gradf (z).v(z)dz
ou U U
Take f(z) =v, wv(z), we get

/8 o(Dur)iS(a) = /U div(Doyude + [ grad(v).Duds

U

/'UAvdx—/ v—dS /(Dv) Dudzx

oU 8V

/vAvda::/ v—dS /|Dv[ dx
U ouU

‘/vAvdq::O
U
ov 9
— v—dS(z) — [ |Dv|*dx =0
ou OV U

Asv =0 on 90U, we conclude that

/|Dv!2dac = 0,
U

Now v=0 on QU and Dv = in U, implies that v =0 in U, i.e., u; = uy proving
the uniqueness of solution of (1).
Energy functional: Let us define energy functional as

ol = [ (Gi00k -~ wr) e

and the class of Admissible function as

A={we C*(U);w=gondU}
Theorem: A function u € C?(U) solves the boundary value problem

—Au=fin U (1)
and u =g on QU

iff, we A and [Ifu] = min,ea [[w]
Proof: We have

(1)

—Au=fin U
and u =g on U
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Let u solves (1), now take w € A and multiplying (1) by © — w and integrating, we get

/U(—Au—f)(u—w)dxzo (2).

Now applying the following Green’s formula

/6 (@) @dSE) - /U div(v(2)) f(z)dz + /U Df(x)v(x)dx

by taking, v(x) = Du, f(x) = u—w

we get,

/BU(Du.l/)(u — w)dS(z) = /Udiv(Du)(u —w)dz + /UD(“ ~ w).Duds

or /U — Au(z)(u—w)dr = /UDu.D(u —w)dx — /aU(Du.l/)(u —w)dS(x),

since uw—w =0 on 90U, therefore (2) becomes

/U[DU.D(U —w) — f(u—w)|dx =0

or /U[|Du|2 — fuldx = /U[Du.Dw — fw]dx.

By Cauchy-Schwarz inequality, we know that

1 1
|Du.Dw| < §|Du|2 + §|Dw|2

/U(|Du|2—fu)dx < %/U|Du|2d:n+/U(%|Dw|2—fw)das

[ Gk = rote< [ (Gipup - u)as

= [[u] < Iw]

or

= [[u| = min I {w]
weA
Conversely, let ue€ A & [fu] = mingea I[w], i.e. w be the minimizer of I[w| over
A. Take a function v that is smooth in U and vanishes on boundary 0U. Consider the
increment of /[u] in the direction of v.

r(s)=Iu+sv] seR
Then the function u + sv is in A. As w minimizes I[w] over A, we should have

r(s) >r(0) forall seR
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where

r(s) = /U {%]Du + Dol — (u+ sv)f} da.

"+ |Du+sDv]* = (Du+ sDv).(Du+ sDv)
= Du.Du+ sDu.Dv + sDv.Du + s*Dv.Dv
= |Dul?® + 2sDu.Dv + s*| Dv|?

2
r(s) = /U<%]Du\2—uf> d:v+s/(](Du.Dv—vf)dm+%/U]DUIQ(m

Since function r(s) is quadratic in s and attains its minimum at s = 0 and so we have
/(DU.DU —vf)dxr =077 (at minimum first derivative is zero)
U

Integrating by parts and using that v =0 on OU gives

/U(—Au—f)vd:czo

Since this identity holds for all smooth function v that vanishes at the boundary oU. It
follows that wu satisfies
—Au=finU.

Since u € A = {w € C*(U); w = g on U}
this implies that u = g on U

Hence

—Au=fin U
and u =g on oU

Heat equation: We study heat equation

up— Au =0 (1)
and the non-homogeneous heat equation
w—Du=f (2

Subject to appropriate initial and boundary conditions. Here ¢ > 0 and = € u where
u C R open. Then unknown is

u:tx[0o00) — R, u=u(zt)

and the Laplacian A is taken with respect to the spatial variables = = (x1,2s,. . . ,z,)

Agu = Zuf“”’ the function f:u x [0c0) — R

=1
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is given.

Physical interpretation: = The heat equation also known as the diffusion equation
describes in typical applications the evaluation in time of the density u of some quantity
such as heat, chemical concentration, etc.

If V C U is any smooth subregion the rate of change of total quantity within V' equals
the negative of the net flux through oV.

i/ udr = — ?.Vds
dt Jy ov

uy = —divF (3)

F' being the flux density. Thus

as V was arbitrary. In many situation F'is proportional to the gradient of u. But points
in the opposite direction (since the flow is from region of higher to lower concentration)

F = —aDu (a>0)

Now u; = adiv(Du) =a A wu

which for a = 1, is the heat equation.
The heat equation appears as well in the steady of Brownian motion.

Fundamental solution:

(a) Derivation of the fundamental solution:

We observe that the heat equation involves one derivative with respect to the time vari-
able ¢, but two derivative with respect to the space variables z;(i = 1,2,3, . .. ,n).
Consequently, we see that if u solves (1) i.e. u,—Au=0 (1)

then so u(Az, \?t) for A € R

This scaling indices the ratio 2 (r = |z|) is important for the heat equation and suggests

¢
that we search for a solution of (1) having the form

oo (D) <o () morem

It is quicker to seek a solution u having the special structure

1
tOé

u(e, t) = U(t%) rE€R, t>0 (4)

where, a& [ are constant and the function v : R — R must be found, we come to (4) if
we look for a solution u of the heat equation invarient under dilation scaling.

u(z,t) — Xu(Nz, \t)

Now lwt us take
u(z,t) — Xu(Nz, \t)

for all
A>0,z€R,t>0 setting A\ = ¢+
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then v(y) = u(y, 1) for y =t Px

oz, t) =t (at?)

By (1)
Ut — AU = O
ou  Pu
ot 0x?
—at™ O y(at™P) (=Bt P ). Do(at™P) — (7 Aw(xt Pt =0
— at™*My(y) + =y Du(y) + 72 Aw(y) =0 (5)
In order to transform (5) into an extression involving variables alone, we take § = % then

term with ¢ are identical.

1
av + §y.Dv +Av=0 (6)

Now v to be a radial solution

Now, —y.Du(y) =
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y;

7

Av = Z Vgiwy = z”: w’ir) + %

=1 i=1

r r r r
nw' rw”(r) —w'(r)
o + < r
1
_ o
Hence . .
aw + §rw' +w” + (n—_>w’ =0
r
for r = |y|. Now we set a = §
n—1_ /\/ 1 n /
( ) —|—§(r w) = 0
—1
&w~|——rw/—|—w"+(n )w' =0
1 -1
gw + §rw' + w" + Mw' =0
r
1 _1 n—1
ﬁrn—lw_‘__rnw/_‘_rn—lw//_{_ (n )T 'LU/ _ 0
2 2 T
1
é(nrn_lw +r"w) + (" + (n - D" 2w’ = 0
1 n / n—1_./\/
5(7“ w) + (") = 0

Integrating we get

where a is constant of integration

lim w,w'=0 so a=0

rT—00
Hence 1
—r"w 4" =0
2
= w = —5Tw

w’ 1 r?
— — = ——r=logw=——+1logb
w 2 4
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w = be_é (7)
from (4) and (7)
u(z,t) = —e 5

solves heat equation.

Definition: The function

(mt) 7

L o~ 2€R™ t>0
0 u=g z€R"” t<0

is called the fundamental solution of heat equation. Notice that ¢ is singular at point
(0,0), we will some time write ¢(x,t) = ¢(|z|,t) to emphasize that the fundamental
solution is radial in the variables x.

Lemma: (Integral of fundamental solution) for each time ¢ > 0

¢(z,t)dx = 1.
Rn

Proof: We calculate

1 2 |2
¢z, t)de = yy / e i dx
R T n

1 % oo S o0 (2 422+ +I%)

“ g ST e,
a —o0 J —o0 J -0
1 2 @ (@) @2

:ﬂz</ e_ﬁdxl)(/ e_ﬁdm)...(/ e_4tdxn)
T —c0 —00 —00
1 3%

= I AtV Art . . . VAxwt(ntimes)
T
1 4rt)z =1

e _— 2 =
47t ( m )

¢z, t)de = 1
Rn

Initial Value Problem: A solution of the initial or cauchy problem

w—Au=0in R x (0,00)
u=g¢g in R x {t =0}

Let us note the function (z,t) — ¢(z,t) solves the heat equation away from the
singularity at (0,0) and thus so does (z,t) — ¢(xz — y,t) for each fixed y € R.

u(z, 1) =‘A¢u—yJM@My
1

|:! y|2
— - xXp ——— d & R’t > O
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should also a solution.

Wave equation: The wave equation

uy — Au =0 (1)
and the non-homogeneous wave equation

uy — Au = f (2)
subject to appropriate initial and boundary conditions. Here ¢ > 0 and z € U where
U C R is open. Then unknown is U : U x [0,00) — R, u = u(x,t) and Laplacian A is

taken with respect to the spatial variables © = (x1, x2, z3,. . . ,2y,)

Physical interpretation: The wave equation is a simplified model for a vibrating
string (n = 1) membrane (n = 2) or elastic solid (n = 3).

In these physical interpretation u(z,t) represents the displacement in some direction
of the point x at time t > 0.
Let V' represent any smooth subregion of U. The acceleration within V' is then

d2
— udr = / W dx
dt2 /V v

- ?.Vds
ov

and net contact force

where ? denotes force acting on V' through 0V and the mass density is taken to be unity.
Newton’s law asserts the mass times the acceleration equal to net force

/ Updr = — ?.I/ds.
v v

The identity obtained for each subregion V' and so
Uy = —dz’v?
For elastic bodies, ? is a function of the displacement gradient Du;
uy + divF(Du) =0, - F(Du)~ —¢Du

Utt—QSAu:O.

This is the wave equation if ¢ = 1

Solution by spherical means:
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(a) Solution for n = 1, D’alembert’s formula:
The initial-value problem for the one-dimensional wave equation in all of R

Uy — Uz = 0 in R % (0, 00) (3)
u=g, uy=h on R x {t =0}

where g, h are given, we desire to derive formula for u in terms of g and h.
Let us first note the P.D.E. (3) can be factored

o 0 o 0
(a—l—a—x) (E—%>u:utt—umzo (4)

write

= v(x,t) +vg(x,t) =0 (z€R,t>0)

This is a non-homogeneous transport equation with n = 1,0



